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ON THE BOUNDED INDEX PROPERTY
FOR PRODUCTS OF ASPHERICAL POLYHEDRA
QIANG ZHANG AND SHENGKUI YE
Abstract. A compact polyhedron X is said to have the Bounded Index Prop-
erty for Homotopy Equivalences (BIPHE) if there is a finite bound B such that
for any homotopy equivalence f : X → X and any fixed point class F of f , the
index |ind(f,F)| ≤ B. In this note, we consider the product of compact poly-
hedra, and give some sufficient conditions for it to have BIPHE. Moreover, we
show that products of closed Riemannian manifolds with negative sectional
curvature, in particular hyperbolic manifolds, have BIPHE, which gives an
affirmative answer to a special case of a question asked by Boju Jiang.
1. Introduction
Fixed point theory studies fixed points of a self-map f of a space X . Nielsen
fixed point theory, in particular, is concerned with the properties of the fixed point
set
Fixf := {x ∈ X |f(x) = x}
that are invariant under homotopy of the map f (see [J1] for an introduction).
The fixed point set Fixf splits into a disjoint union of fixed point classes : two
fixed points a and a′ are in the same class if and only if there is a lifting f˜ : X˜ → X˜
of f such that a, a′ ∈ p(Fixf˜), where p : X˜ → X is the universal cover. Let
Fpc(f) denote the set of all the fixed point classes of f . For each fixed point class
F ∈ Fpc(f), a homotopy invariant index ind(f,F) ∈ Z is well-defined. A fixed
point class is essential if its index is non-zero. The number of essential fixed point
classes of f is called the Nielsen number of f , denoted by N(f). The famous
Lefschetz-Hopf theorem says that the sum of the indices of the fixed points of f is
equal to the Lefschetz number L(f), which is defined as
L(f) :=
∑
q
(−1)qTrace(f∗ : Hq(X ;Q)→ Hq(X ;Q)).
In this note, all maps considered are continuous, and all spaces are triangulable,
namely, they are homeomorphic to polyhedra. A compact polyhedron X is said to
have the Bounded Index Property (BIP)(resp. Bounded Index Property for Homeo-
morphisms (BIPH), Bounded Index Property for Homotopy Equivalences (BIPHE))
if there is an integer B > 0 such that for any map (resp. homeomorphism, homotopy
equivalence) f : X → X and any fixed point class F of f , the index |ind(f,F)| ≤ B.
Clearly, if X has BIP, then X has BIPHE and hence has BIPH. For an aspherical
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closed manifold M , if the well-known Borel conjecture (any homotopy equivalence
f : M → M is homotopic to a homeomorphism g : M → M) is true, then M has
BIPHE if and only if it has BIPH.
In [JG], Jiang and Guo proved that compact surfaces with negative Euler char-
acteristics have BIPH. Later, Jiang [J2] showed that graphs and surfaces with neg-
ative Euler characteristics not only have BIPH but also have BIP (see [K1], [K2]
and [JWZ] for some parallel results). Moreover, Jiang asked the following question:
Question 1.1. ([J2, Qusetion 3]) Does every compact aspherical polyhedron X
(i.e. pii(X) = 0 for all i > 1) have BIP or BIPH?
In [Mc], McCord showed that infrasolvmanifolds (manifolds which admit a finite
cover by a compact solvmanifold) have BIP. In [JW], Jiang and Wang showed that
geometric 3-manifolds have BIPH for orientation-preserving self-homeomorphisms:
the index of each essential fixed point class is ±1. In [Z1], the first author showed
that orientable compact Seifert 3-manifolds with hyperbolic orbifolds have BIPH,
and later in [Z2, Z3], he showed that compact hyperbolic n-manifolds (not neces-
sarily orientable) also have BIPH. Recently, in [ZZ], Zhang and Zhao showed that
products of hyperbolic surfaces have BIPH.
Note that in [J2, Section 6], Jiang gave an example that showed that BIPH is
not preserved by taking products: the 3-sphere S3 has BIPH while the product
S3 × S3 does not have BIPH. In this note, we consider the product of connected
compact polyhedra, and give some sufficient conditions for it to have BIPHE (and
hence has BIPH). The main result of this note is the following:
Theorem 1.2. Suppose X1, . . . , Xn are connected compact aspherical polyhedra
satisfying the following two conditions:
(1) pi1(Xi) 6∼= pi1(Xj) for i 6= j, and all of them are centerless and indecomposable;
(2) all of X1, . . . , Xn have BIPHE.
Then the product X1 × · · · ×Xn also has BIPHE (and hence has BIPH).
Moreover, we show that products of closed Riemannian manifolds with negative
sectional curvature have BIPHE:
Theorem 1.3. Let M = M1 × · · · ×Mn be a product of finitely many connected
closed Riemannian manifolds, each with negative sectional curvature everywhere
but not necessarily with the same dimensions (in particular hyperbolic manifolds).
Then M has BIPHE.
Recall that a closed 2-dimensional Riemannian manifold M with negative sec-
tional curvature is a closed hyperbolic surface, and hyperbolic surfaces have BIP.
As a corollary of Theorem 1.3, we have
Corollary 1.4. A closed Riemannian manifold with negative sectional curvature
everywhere has BIPHE.
To prove the above theorems, we first study automorphisms of products of groups
in Section 2, and give some facts about the bounded index property of fixed points
in Section 3. Then in Section 4, we generalize the results of alternating homeo-
morphisms (see [ZZ, Section 3]) to that of cyclic homeomorphisms of products of
surfaces. Finally in Section 5, we show that every homotopy equivalence of products
of aspherical manifolds can be homotoped to two nice forms, and taking advantage
of that, we finish the proofs.
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2. Automorphisms of products of groups
In this section, we give some facts about automorphisms of direct products of
finitely many groups.
Definition 2.1. A group G is called unfactorizable if whenever G = HK for
subgroups H,K satisfying hk = kh for any h ∈ H, k ∈ K we have either H = 1 or
K = 1. If G = H × K for some groups H,K implies either H or K is trivial, we
call G is indecomposable.
Lemma 2.2. Let G be an unfactorizable group and G = Πni=1Ai a direct product.
Then Ai = G for some i and all Aj = 1 for i 6= j.
Proof. Suppose that there are at least two non-trivial components A1, A2. Then
G = A1A2 × Πi6=1,2Ai. Then Πi6=1,2Ai = 1, since G is unfactorizable. Therefore,
G = A1A2 a contradiction. 
Lemma 2.3. A group G is unfactorizable if and only if G is centerless and inde-
composable.
Proof. Suppose that G is unfactorizable. Since G = GC for the center subgroup
C, we see that C = 1. An unfactorizable group is obviously indecomposable. Con-
versely, assume that G is centerless and indecomposable. If G = KH for commuting
K,H. Then any element g ∈ K ∩ H is central and thus trivial. This implies that
G = K ×H. Therefore, either K or H is trivial. 
For a direct product G = G1 × · · · × Gn, we collect together the coordinates
corresponding to isomorphic Gi’s and present it in the form G = G
n1
1 × · · ·×G
nm
m ,
where ni ≥ 1 and Gi ≇ Gj for 1 ≤ i 6= j ≤ m. Given automorphisms φi ∈
Aut(Gi) for i = 1, . . . , n, let
∏n
i=1 φi = φ1 × · · · × φn : G → G, (g1, . . . , gn) 7→
(φ1(g1), . . . , φn(gn)) be the product of φi’s. We have an analogous result of [ZVW,
Proposition 4.4] as follows.
Proposition 2.4. Let each group Gi, i = 1, . . . ,m, be unfactorizable, and G =
Gn11 ×· · ·×G
nm
m a direct product, where m ≥ 1, ni ≥ 1, and Gi ≇ Gj for i 6= j. Then
for every φ ∈ Aut(G), there exist automorphisms φi,j ∈ Aut(Gi) and permutations
σi ∈ Sni , such that
φ = σ1 ◦ · · · ◦ σm ◦ (
m∏
i=1
ni∏
j=1
φi,j) =
m∏
i=1
(σi ◦
ni∏
j=1
φi,j).
Proof. For brevity, we first assume that G = G1 ×G2 (here G1 may be isomorphic
to G2), and φ : G1 ×G2 → G1 ×G2 an automorphism. Let
A1 = {a1|φ(g1, 1) = (a1, b1), g1 ∈ G1}, B1 = {b1|φ(g1, 1) = (a1, b1), g1 ∈ G1},
and
A2 = {a2|φ(1, g2) = (a2, b2), g2 ∈ G2}, B2 = {b2|φ(1, g2) = (a2, b2), g2 ∈ G2}.
Then G1 = A1A2, a1a2 = a2a1 for every ai ∈ Ai; and G2 = B1B2, b1b2 = b2b1
for every bi ∈ Bi. Since G1, G2 are unfactorizable, we see that either A1 or A2 is
trivial, and either B1 or B2 is trivial.
If A1 = G1, A2 = 1, then B1 = 1, B2 = G2, and we have
φ = φ1 × φ2 : G1 ×G2 → G1 ×G2, (g1, g2) 7→ (φ1(g1), φ2(g2)) = (a1, b2)
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where φi ∈ Aut(Gi).
If A1 = 1, A2 = G1, then B1 = G2, B2 = 1, then we have G1 ∼= G2, and
φ = σ ◦ (φ1 × φ2) : G1 ×G2 → G1 ×G2, (g1, g2) 7→ (φ2(g2), φ1(g1)) = (a2, b1)
for φi ∈ Aut(Gi) and σ ∈ S2 a permutation.
Now we have proved that Proposition 2.4 holds for the case G = G1 ×G2. For
the general case that G =
∏
iGi has more than 2 factors, the same argument as
above shows that Proposition 2.4 also holds. 
Since the inner automorphism group Inn(
∏
iGi) of a product is isomorphic to the
product
∏
i Inn(Gi), summarizing the above results, we have proved the following:
Theorem 2.5. Let G1, . . . , Gm be finitely many centerless indecomposable groups,
and Gi ≇ Gj for i 6= j. Then the automorphism group of the product
∏m
i=1G
ni
i
Aut(
m∏
i=1
Gnii )
∼=
m∏
i=1
(∏
ni
Aut(Gi)
)
⋊ Sni ,
and the outer automorphism group
Out(
m∏
i=1
Gnii )
∼=
m∏
i=1
(∏
ni
Out(Gi)
)
⋊ Sni ,
where the symmetric group Sni of ni ≥ 1 elements acts on
∏
ni
Aut(Gi) and∏
ni
Out(Gi) by natural permutations.
There are many examples of centerless indecomposable groups.
Example 2.6. Non-abelian free groups are centerless indecomposable groups.
Example 2.7. Non-abelian torsion-free Gromov hyperbolic groups are centerless
indecomposable groups. In particular, the fundamental group of a closed Rie-
mannian manifold with negative sectional curvature everywhere is centerless and
indecomposable.
Proof. Let G be a non-abelian torsion-free Gromov hyperbolic group and 1 6= γ ∈
G. It is well-known that the centralizer subgroup C(γ) = {g ∈ G | gγ = γg}
contains 〈γ〉 as a finite-index subgroup (see [BH], Corollary 3.10, p.462). Therefore,
the center of G is trivial and G is indecomposable. 
3. Facts about the bounded index properties
In this section, we give some facts about BIP, BIPHE and BIPH. In order to
state results conveniently, we will use the following definition.
Definition 3.1. Let X be a compact polyhedron and C be a family of self-maps
of X. We call that X has the Bounded Index Property with respect to C (denoted
by BIPC) if there exists an integer B > 0 (depending only on C) such that for
any map f ∈ C and any fixed point class F of f , the index |ind(f,F)| ≤ B. The
minimum such a B is called the bounded index for C.
When C is the set of all self-maps (self-homeomorphisms, self-homotopy equiv-
alences, respectively), we simply denote the BIPC by BIP (BIPH, BIPHE, respec-
tively). It is obvious that BIPC1 implies BIPC2 when C2 is a subset of C1.
For maps of polyhedra, Jiang gave the following definition of mutant, and showed
that the Nielsen fixed point invariants are invariants of mutants (see [J2, Sect. 1]).
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Definition 3.2. Let f : X → X and g : Y → Y be self-maps of compact connected
polyhedra. We say g is obtained from f by commutation, if there exist maps
φ : X → Y and ψ : Y → X such that f = ψ ◦ φ and g = φ ◦ ψ. Say g is a mutant
of f , if there is a finite sequence {fi : Xi → Xi|i = 1, 2, · · · , k} of self-maps of
compact polyhedra such that f = f1, g = fk, and for each i, either Xi+1 = Xi and
fi+1 ≃ fi, or fi+1 is obtained from fi by commutation.
Lemma 3.3 (Jiang, [J2]). Mutants have the same set of indices of essential fixed
point classes, hence also the same Lefschetz number and Nielsen number.
Note that mutants give an equivalence relation on self-maps of compact polyhe-
dra. In other words, two self-maps f : X → X and g : Y → Y are mutant-equivalent
if there exist finitely many maps of compact polyhedra X1 = X,X2, . . . , Xk = Y,
ui : Xi → Xi+1, vi : Xi+1 → Xi, i = 1, 2, · · · , k − 1,
such that f ≃ v1 ◦ u1 : X1 → X1, g ≃ uk−1 ◦ vk−1 : Xk → Xk, and for i < k − 1,
ui ◦ vi ≃ vi+1 ◦ ui+1.
For a self-map f : X → X of a connected compact polyhedron X , let [f ]m
denote the mutant-equivalent class of f , and for a family C of self-maps of X , let
[C]m := {[f ]m|f ∈ C} be the set of mutant-equivalent classes of C. Note that f
has only finitely many non-empty fixed point classes, and each is a compact subset
of X , we have a finite bound Bf of ind(f,F) for all the fixed point classes F of f .
As an immediate consequence of Lemma 3.3, we have the following:
Proposition 3.4. For any family C of self-maps of a connected compact polyhe-
dron X, the set {ind(f,F)|f ∈ C,F ∈ Fpc(f)} defined on C factors through the
equivalence classes [C]m. Namely, for any set [C]m of mutant-equivalent classes,
we have a set of indices
ind([C]m) := {ind(f,F)|f ∈ C,F ∈ Fpc(f)}
depending only on [C]m. Moreover, if [C]m is finite, then X has BIPC.
Suppose that X is aspherical and let [X ] (resp. [X ]h.e) be the set of all homotopy
classes of self-maps (resp. self-homotopy equivalences) of X . It is well-known that
there is a bijective correspondence
η : [X ]←→ End(pi1(X))/Inn(pi1(X)),
given by sending a self-map f to the induced endomorphism fpi of the fundamental
group, where the inner automorphism group Inn(pi1(X)) acts on the semigroup
End(pi1(X)) of all the endomorphisms of pi1(X) by composition. Note that η induces
a bijection (still denoted by η)
η : [X ]h.e ←→ Out(pi1(X)).
For any self-map f of X , let [f ] denote the homotopy class of f , and for any
family C of self-homotopy equivalences of X , let [C] := {[f ]|f ∈ C} be the set of
homotopy classes of C. Then the image η([C]) is a subset of Out(pi1(X)). For a
group G and a subset H of G, two elements g, h ∈ H are conjugate if there exists
an element k ∈ G such that g = khk−1. Let h¯ be the conjugacy class of h in G,
and ConjGH := {h¯|h ∈ H} be the set of conjugacy classes of H in G. We have the
following:
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Lemma 3.5. Let X be a connected compact aspherical polyhedron. Suppose that C
is a family of self-homotopy equivalences of X. Then we have a natural surjection
Φ : ConjOut(pi1(X))η([C]) −→ [C]m, defined by η([f ]) 7−→ [f ]m.
Moreover, if the set ConjOut(pi1(X))η([C]) is finite, then [C]m is also finite and hence
X has BIPC. In particular, when Out(pi1(X)) has finitely many conjugacy classes,
the polyhedron X has the bounded index property with respect to the set of all self-
homotopy equivalences, i.e., X has BIPHE.
Proof. For self-homotopy equivalences f, g ∈ C, if η([f ]) = η([g]), then there exists
η([h]) = η([h′])−1 ∈ Out(pi1(X)) for h : X → X a homotopy equivalence and
h′ : X → X a homotopy inverse of h such that
η([g]) = η([h]) · η([f ]) · η([h])−1 = η([h]) · η([f ]) · η([h′]) ∈ Out(pi1(X)).
This implies that g ≃ h ◦ (f ◦ h′). Note that f ≃ (f ◦ h′) ◦ h, so we have
[f ]m = [g]m. Therefore, Φ is well-defined. It is obvious from the definition that Φ
is surjective, and the proof is finished by Proposition 3.4. 
Theorem 3.6. Let M = M1 × · · · ×Mm be a product of finitely many connected
closed Riemannian manifolds, each with negative sectional curvature everywhere,
and with (not necessarily the same) dimension ≥ 3. Then M has BIPHE.
Proof. Rips and Sela [RS] building on ideas of Paulin proved that Out(G) is a
finite group when G is the fundamental group of a closed Riemannian manifolds
of dimension ≥ 3 with negative sectional curvature everywhere. Since the factors
Mnii , i = 1, . . . ,m, are closed Riemannian manifolds, each with negative sectional
curvature everywhere, and the dimensions ni ≥ 3, we have that Out(pi1(M)) is also
finite by Theorem 2.5. Therefore, M has BIPHE (and hence BIPH) by Lemma
3.5. 
4. Fixed points of cyclic homeomorphisms of products of surfaces
In this section, we will generalize the results of alternating homeomorphisms
(see [ZZ, Section 3]) to cyclic homeomorphisms of products of surfaces. Let F be a
connected closed hyperbolic surface, and hence, the Euler characteristics χ(F ) < 0.
Definition 4.1. A self-homeomorphism f of Fm :=
m︷ ︸︸ ︷
F × · · · × F , is called a cyclic
homeomorphism, if
f = τ ◦ (
m∏
i=1
fi) : F
m → Fm, (a1, a2, . . . , am) 7→ (fm(am), f1(a1), . . . , fm−1(am−1)),
where f1, . . . , fm are self-homeomorphisms of F , and τ = (12 · · ·m) ∈ Sm is a
m-cycle.
Note that for a compact hyperbolic surface, every homeomorphism is isotopic to
a diffeomorphism, then by the same argument as in the proof of [ZZ, Lemma 3.2],
we have
Lemma 4.2. Let f1, . . . , fm be self-homeomorphisms of F , and f = τ ◦ (
∏m
i=1 fi) :
Fm → Fm a cyclic homeomorphism. Then f1, . . . , fm can be isotoped to diffeo-
morphisms g1, . . . , gm respectively, such that the graph of the corresponding cyclic
homeomorphism g = τ ◦ (
∏m
i=1 gi) : F
m → Fm is transversal to the diagonal in
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Fm. Moreover, f is homotopic to g and, for each fixed point (a1, a2, . . . , am) of g,
there are charts of Fm at (a1, a2, . . . , am) such that under the charts, g has a local
canonical form
(u11, u12, u21, u22, . . . , um1, um2)
7→ (gm1(um1, um2), gm2(um1, um2), g11(u11, u12), g12(u11, u12),
. . . , g(m−1)1(u(m−1)1, u(m−1)2), g(m−1)2(u(m−1)1, u(m−1)2))
where gi1, gi2 are the components of gi under the charts.
Lemma 4.3. If f = τ ◦ (
∏m
i=1 fi) : F
m → Fm is a cyclic homeomorphism, then
the natural map
ρ : F → Fm, a1 7→ (a1, f1(a1), . . . , fm−1 ◦ · · · ◦ f2 ◦ f1(a1))
induces an index-preserving one-to-one corresponding between the set Fpc(fm ◦ · · · ◦
f2 ◦ f1) of fixed point classes of fm ◦ · · · ◦ f2 ◦ f1 and the set Fpc(f) of fixed point
classes of f .
Proof. It is clear that
Fixf = {(a1, a2, . . . , am)|f1(a1) = a2, f2(a2) = a3, . . . , fm(am) = a1}
= {(a1, f1(a1), . . . , fm−1 ◦ · · · ◦ f2 ◦ f1(a1))|a1 ∈ Fix(fm ◦ · · · ◦ f2 ◦ f1)}.
Suppose that a1 and a
′
1 are in the same fixed point class of fm ◦ · · · ◦ f1, and
p : F˜ → F is the universal cover. Then there is a lifting f˜i of fi such that a1, a
′
1 ∈
p(Fix(f˜m ◦ · · · ◦ f˜1)), and there is a point a˜1 ∈ p
−1(a1) and a point a˜
′−1
1 (a
′
1) with
(f˜m ◦ · · · ◦ f˜1)(a˜1) = a˜1 and (f˜m ◦ · · · ◦ f˜1)(a˜
′
1) = a˜
′
1. Hence,
(τ ◦ (f˜1 × · · · × f˜m))(a˜1, f˜1(a˜1), . . . , f˜m−1 ◦ · · · ◦ f˜1(a˜1))
= ((f˜m ◦ · · · ◦ f˜1)(a˜1), f˜1(a1), . . . , f˜m−1 ◦ · · · ◦ f˜1)(a˜1))
= (a˜1, f˜1(a˜1), . . . , f˜m−1 ◦ · · · ◦ f˜1(a˜1)).
It follows that
(a1, f1(a1), . . . , fm−1 ◦ · · · ◦ f1(a1)) ∈ (
∏
m
p)(Fix(τ ◦ (f˜1 × · · · × f˜m))).
Similarly, we also have
(a′1, f1(a
′
1), . . . , fm−1 ◦ · · · ◦ f1(a
′
1)) ∈ (
∏
m
p)(Fix(τ ◦ (f˜1 × · · · × f˜m))).
Since (τ ◦ (f˜1 × · · · × f˜m)) is a lifting of f , we obtain that (a1, f1(a1), . . . , fm−1 ◦
· · · ◦ f1(a1)) and (a
′
1, f1(a
′
1), . . . , fm−1 ◦ · · · ◦ f1(a
′
1)) are in the same fixed point
class of f . Conversely, suppose that the two points above are in the same fixed
point class of f . Then there is a lifting f˜i of fi such that both of them lie in
(
∏
m p)(Fix(τ ◦ (f˜1×· · ·× f˜m))). Hence, a1, a
′
1 ∈ p(Fix(f˜m ◦ · · · ◦ f˜1)), we conclude
that a1 and a
′
1 are in the same fixed point class of fm ◦ · · · ◦ f2 ◦ f1.
Now we shall prove that as a bijective correspondence between the sets of fixed
point classes, ρ is index-preserving. Since the indices of fixed point classes are
invariant under homotopies, by Lemma 4.2 we may homotope fi for i = 1, 2, . . . ,m
such that the graph of f is transversal to the diagonal, and f has local canonical
forms in a neighborhood of every fixed point. Suppose that the differential Dfi of
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fi at ai is Ni =
(
∂fi1
∂ui1
∂fi1
∂ui2
∂fi2
∂ui1
∂fi2
∂ui2
)
. Then the differential Df of f at (a1, a2, . . . , am)
is
N =

0 0 · · · 0 Nm
N1 0 · · · 0 0
0 N2 · · · 0 0
...
...
. . .
...
...
0 0 · · · Nm−1 0
 .
Therefore, the index of fm ◦ · · · ◦ f2 ◦ f1 at the fixed point a1 is
ind(fm ◦ · · · ◦ f2 ◦ f1, a1) = sgn det(I2 −Nm · · ·N2N1),
and the index of f at the fixed point (a1, a2, . . . , am) is
ind(f, (a1, a2, . . . , am)) = sgn det(I2m −N)
= sgn det(I2 −Nm−1 · · ·N1Nm)
= sgn det(I2 −Nm · · ·N2N1),
where Ik is the identity matrix of order k. Therefore,
ind(fm ◦ · · · ◦ f2 ◦ f1, a1) = ind(f, (a1, a2, . . . , am)),
and the proof is finished. 
As a corollary, we have
Corollary 4.4.
N(f) = N(fm ◦ · · · ◦ f2 ◦ f1), L(f) = L(fm ◦ · · · ◦ f2 ◦ f1).
Directly following from Lemma 4.3, Corollary 4.4 and [JG, Theorem 4.1], we
have
Proposition 4.5. If f : Fm → Fm is a cyclic homeomorphism, then
(A) For every fixed point class F of f , we have
2χ(F )− 1 ≤ ind(f,F) ≤ 1.
Moreover, almost every fixed point class F of f has index ≥ −1, in the sense that∑
ind(f,F)<−1
{ind(f,F) + 1} ≥ 2χ(F ),
where the sum is taken over all fixed point classes F with ind(f,F) < −1;
(B) Let L(f) and N(f) be the Lefschetz number and the Nielsen number of f
respectively. Then
|L(f)− χ(F )| ≤ N(f)− χ(F ).
5. Fixed points of product maps and proofs of Theorem 1.2 and 1.3
To prove Theorem 1.2 and Theorem 1.3, we need some facts about fixed points
of product maps.
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5.1. Fixed points of product maps. LetX1, . . . , Xn be connected compact poly-
hedra.
Definition 5.1. A self-map f : X1× · · · ×Xn → X1 × · · · ×Xn is called a product
map, if
f = f1×· · ·×fn : X1×· · ·×Xn → X1×· · ·×Xn, (a1, . . . , an) 7→ (f1(a1), . . . , fn(an)),
where fi is a self-map of Xi, i = 1, . . . , n.
By a proof analogous to that of [ZZ, Lemma 2.2], we have the following lemma
about the fixed point classes of product maps.
Lemma 5.2. If f : X1 × · · · × Xn → X1 × · · · × Xn is a product map, then
Fixf = Fixf1 × · · · × Fixfn, and each fixed point class F ∈ Fpc(f) splits into a
product of some fixed point classes of fi, i.e.,
F = F1 × · · · × Fn, ind(f,F) = ind(f1,F1) · · · ind(fn,Fn),
where Fi ∈ Fpc(fi) is a fixed point class of fi for i = 1, . . . , n. Moreover,
L(f) = L(f1) · · ·L(fn), N(f) = N(f1) · · ·N(fn).
5.2. Proofs of Theorem 1.2 and Theorem 1.3. Now we can give the proofs
of Theorem 1.2 and 1.3. Since the index of fixed points is homotopy invariant, we
omit the base points of fundamental groups in the following.
Proof of Theorem 1.2. Let X = X1 × · · · × Xn, and f : X → X a homotopy
equivalence. Then f induces an automorphism fpi : pi1(X) → pi1(X). Note that
pi1(X) is isomorphic to the direct product
∏n
i=1 pi1(Xi). By Proposition 2.4, the
condition (1) in Theorem 1.2 implies fpi = φ1×· · ·×φn with φi an automorphism of
pi1(Xi), i = 1, . . . , n. Note that Xi is a compact aspherical polyhedron, so φi can be
induced by a homotopy equivalence fi : Xi → Xi, i = 1, . . . , n. Since the product
X is also an compact aspherical polyhedron, f is homotopic to the product map
f1 × · · · × fn which is also a homotopy equivalence. Recall that Xi has BIPHE,
then the index ind(fi,Fi) of any fixed point class Fi of fi has a finite bound BXi
depending only on Xi. By the product formula of index in Lemma 5.2, we have the
index |ind(f,F)| < BX :=
∏n
i=1 BXi for every fixed point class F of f . Therefore,
X has BIPHE. 
Proof of Theorem 1.3. LetM1, . . . ,Mn be connected closed Riemannian manifolds,
each with negative sectional curvature everywhere, andM =M1×· · ·×Mn. Collect
together the coordinates corresponding to homotopy equivalent Mi’s and present
it in the form
M =
s∏
i=1
M nii ×
m∏
i=s+1
M nii ,
where M1, . . . ,Ms, 0 ≤ s ≤ n, are hyperbolic surfaces, Ms+1, . . . ,Mm have dimen-
sions ≥ 3, ni ≥ 1 (recall that ni is not the dimension but the number of copies
of Mi), n1 + · · · + nm = n and Mi 6≃ Mj for 1 ≤ i 6= j ≤ m. Then by Exam-
ple 2.7, the fundamental group Gi := pi1(Mi) is centerless and indecomposable for
i = 1, 2, . . . n. Therefore,
pi1(M) =
s∏
i=1
Gnii ×
m∏
i=s+1
Gnii ,
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where Gi ≇ Gj for 1 ≤ i 6= j ≤ m.
For any homotopy equivalence f : M → M , f induces an automorphism fpi of
pi1(M), then by Proposition 2.4, there exist automorphisms φi,j ∈ Aut(Gi) and
permutations σi ∈ Sni , such that
fpi =
s∏
i=1
(σi ◦
ni∏
j=1
φi,j)×
m∏
i=s+1
(σi ◦
ni∏
j=1
φi,j) := φ× ψ,
where φ =
∏s
i=1(σi ◦
∏ni
j=1 φi,j) and ψ =
∏m
i=s+1(σi ◦
∏ni
j=1 φi,j). Recall that Gi
for i > s is the fundamental group of a Riemannian manifold with dimensions ≥ 3,
then ψ can be induced by a homotopy equivalence h :
∏m
i=s+1M
ni
i →
∏m
i=s+1M
ni
i .
On the other hand, Gi (i ≤ s) is the fundamental group of a closed hyperbolic
surface, so the automorphism φi,j ∈ Aut(Gi) can be induced by a homeomorphism
fi,j, and hence φ is induced by the homeomorphism
g =
s∏
i=1
(σi ◦
ni∏
j=1
fi,j) :
s∏
i=1
M nii →
s∏
i=1
M nii .
That is φ = gpi and thus fpi = gpi × hpi = (g × h)pi. Since M is also aspherical, f is
homotopic to the product map g × h. By Theorem 3.6, for every fixed point class
F of h, we have |ind(h,F)| < BM for some finite bound BM depending only on M .
To complete the proof, by Lemma 5.2, it suffices to show that |ind(g,F′)| < B′M
for some finite bound B′M depending only on M , for every fixed point class F
′ of g.
Since every permutation σi ∈ Sni is a product of disjoint cycles, and M1, . . . ,Ms
are hyperbolic surfaces, we can rewritten
g =
∏
k
gk :
s∏
i=1
M nii →
s∏
i=1
M nii
as a product of finitely many cyclic homeomorphisms gk of products of hyperbolic
surfaces. Then by Proposition 4.5, we can choose B′M =
∏s
i=1 |2χ(Mi)− 1|
ni . 
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